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Geometric discretization of the Bianchi system
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c Instytut Fizyki Teoretycznej, Uniwersytet w Białymstoku ul. Lipowa 41, 15-424 Białystok, Poland
d Dipartimento di Fisica, Istituto Nazionale di Fisica Nucleare, Università di Roma “La Sapienza”,

Sezione di Roma P-le Aldo Moro 2, I-00185 Rome, Italy

Received 8 December 2003; accepted 26 February 2004
Available online 12 April 2004

Abstract

We introduce the dual Koenigs lattices, which are the integrable discrete analogues of conjugate
nets with equal tangential invariants, and we find the corresponding reduction of the fundamental
transformation. We also introduce the notion of discrete normal congruences. Finally, considering
quadrilateral lattices “with equal tangential invariants” which allow for harmonic normal congru-
ences we obtain, in complete analogy with the continuous case, the integrable discrete analogue
of the Bianchi system together with its geometric meaning. To obtain this geometric meaning we
also make use of the novel characterization of the circular lattice as a quadrilateral lattice whose
coordinate lines intersect orthogonally in the mean.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

The paper concerns with the integrable discrete analogue of the following nonlinear
partial differential equation
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�N,uv = −
�N,u · �N,v

U + V
�N, �N · �N = U + V, (1)

where�N is a vector valued function of two variablesu andv, comma denotes differentiation
(e.g.,�N,u = ∂ �N/∂u), andU = U(u) andV = V(v) are given functions of single arguments,
u andv, respectively. The system(1) was introduced long time ago by Bianchi[3] as an
equation satisfied by a normal vector of special hyperbolic surfaces inE

3; here(u, v) are the
asymptotic coordinates of the surface. The second geometric interpretation of the Bianchi
system is given in terms of conjugate nets inE

3 permanent in deformation[17]. Such nets
can be equivalently characterized as conjugate nets with equal tangential invariants allowing
for harmonic normal congruences[18].

The third and more recent geometric interpretation of the Bianchi system follows from
its equivalence (with the signature of the scalar product changed to+ −−) to the Ernst-like
reduction of Einstein’s equation describing the interaction of gravitational waves[6,20].
Indeed, define[28]

ξ = N1 + iN2√
r + N0

, r = �N · �N = N2
0 + ε(N2

1 + N2
2), ε = ±1;

then the Bianchi system is transformed into the equations(
2ξ,uv + r,v

r
ξ,u + r,u

r
ξ,v

)
(ξξ̄ + ε) = 4ξ̄ξ,uξ,v, r,uv = 0,

which are the hyperbolic version of the Ernst system describing axisymmetric stationary
vacuum solutions of the Einstein equations[2,19,25,27].

During the last few years the integrable discrete (difference) analogues of geomet-
rically significant integrable differential equations have attracted considerable attention
[5,14,16,23]. The integrable discrete systems appear naturally in statistical physics[21]
and in quantum field theory[24]. It has long been expected that a quantization of grav-
itational systems will lead to a discrete structure of space–time and then the differential
equations must be replaced by difference equations at a fundamental level (see recent re-
views[1,22]). It would be therefore useful and instructive to study the geometric properties
of integrable discrete version of the Bianchi system, a distinctive integrable reduction of
Einstein’s equations.

In a recent work[13,28], in which the original paper[3] of Bianchi was discretized step
by step, the following nonlinear vector equation

�N(12) + �N = U1 + U2

( �N(1) + �N(2))( �N(1) + �N(2))
( �N(1) + �N(2)) (2)

was derived, in the context of asymptotic lattices, and identified as the proper integrable
discrete analogue of the Bianchi system(1). In Eq. (2), U1 = U1(m1) andU2 = U2(m2)

are given functions, respectively, of the single argumentsm1 andm2, and the subscripts in
bracket denote shifts in the indexed variables, i.e., form1,m2 ∈ Z

2 we write �N(±1)(m1,m2)

= �N(m1 ± 1,m2), �N(±2)(m1,m2) = �N(m1,m2 ± 1), �N(±1±2)(m1,m2) = �N(m1 ±
1,m2 ± 1).

It is remarkable that the same system(2) had been already introduced, a bit earlier,
in [33], in the different geometric context of discrete isothermic nets, as an integrable
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discretization, instead, of the vectorial Calapso equation. Therefore, the system(2) can be
viewed as a remarkable example in which discretization leads to a unification of different
geometries and of different partial differential equations.

Eq. (2)can be obtained from the discrete Moutard equation found in[29]

�N(12) + �N = F( �N(1) + �N(2)), (3)

imposing the integrable quadratic constraint

( �N(12) + �N)( �N(1) + �N(2)) = U1 + U2. (4)

The integrability of the discrete Bianchi system(2) was proven in[13,33] using different
approaches, by showing the compatibility of the constraint(4) with a suitable restriction of
the Darboux transformation of the discrete Moutardequation (3). However, the geometric
meaning of the constraint(4)was still unclear both in the context of discrete isothermic nets
and in the context of discrete asymptotic nets. This situation seemed to be in contrast to
the believe that geometry, and especially the discrete geometry, should help to understand
integrability of the underlying systems.

In the present paper we obtain the integrable discrete analogue of the Bianchi system(1)
in a geometric way. In order to keep track of integrability on each step of the construction,
we make use of its geometric interpretation as the system describingconjugate nets with
equal tangential invariants allowing for harmonic normal congruences[18].

The main results of the paper can be stated as follows: (i) we have introduced the notion
of dual Koenigs lattice, the proper integrable discrete analogue of a conjugate net with equal
tangential invariants; (ii) we have introduced the notion ofdiscrete normal congruence, the
proper integrable discrete analogue of a normal congruence; (iii) we have introduced the
(quadrilateral) Bianchi lattice as adual Koenigs lattice allowing for a harmonic congruence
which is a discrete normal congruence. Because the simultaneous application of several
integrable constraints preserves integrability, we obtain for free the integrability of the
Bianchi lattice. An additional result of the paper, relevant in deriving the above results, is
the novel geometric characterization of the circular lattice as a quadrilateral lattice whose
coordinate lines intersect orthogonally in the mean.

It turns out that applying the above geometric constraints to the quadrilateral lattice one
obtains

�n(12) + �n = F(1)�n(1) + F(2)�n(2), �n · �nF = U1 + U2, (5)

which is simply related toEqs. (3) and (4)by

�n = �N(1) + �N(2).

In fact, the system(5) appeared first in a hidden form in[28] (see also[13]) as a useful
tool to prove the integrability ofEq. (2). The program realized in this paper allows to
embed yet another integrable discrete system into the general theory of lattices with planar
quadrilaterals[7,8,12,14,16,23], which are the proper discrete analogues of conjugate nets.
Moreover, the paper confirms once more that, in the context of integrable geometries, the
transitionfrom differential to discrete, which is often highly nontrivial on the level of the
direct calculations, can be simplified and better understood on geometric level.
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The paper is constructed as follows. We start fromSection 2, in which we present the
integrable discrete analogues of nets with equal tangential invariants, combining the notion
of dual lattice[15] with the notion of Koenigs lattice[11]. In Section 3we introduce and
study the discrete normal congruences. Finally, inSection 4we put all the above ingre-
dients together to get the integrable discrete Bianchi system.Appendices A and Bcon-
tains additional results of more algebraic nature stated in the language of partial difference
equations. InAppendix A, we present the algebraic version of the geometric character-
ization of circular lattices and normal congruences obtained inSection 3. Appendix B
contains the Darboux transformation for the discrete Bianchi system(5) written as a linear
problem.

We remark that, during the conference in which the geometric discretization described in
this paper was presented, also the discretization of the notion of conjugate net invariant for
deformation was presented[34]. Therefore, two of the geometric meanings of the Bianchi
system(1) seem to be now successfully discretized.

2. The dual Koenigs lattices

As it was mentioned above, in the geometric derivation of the Bianchi system(1)
one combines the notion of the net with equal tangential invariants with the notion of
the normal congruence. This section is devoted to the presentation of the integrable
discrete analogue of the first component of the geometric definition of the Bianchi sys-
tem. We start with collecting some by now classical results from the theory of two-
dimensional quadrilateral lattices in three-dimensional space[8,14,32], together with their
tangential description[15], and from some recent results on the theory of Koenigs lat-
tices (the discrete analogues of conjugate nets with equal point invariants)
[11].

2.1. Quadrilateral lattices and discrete congruences

The integrable discrete analogues of conjugate nets are lattices made out of planar quadri-
laterals[8,32], called in[14] the quadrilateral lattices. Given such a latticex : Z

2 → P
3,

then, in terms of the homogeneous coordinatesx : Z
2 → R

4∗ of the lattice, the planarity
of the elementary quadrilaterals can be expressed as a linear relation betweenx, x(1), x(2)
andx(12). In the generic situation, assumed in the sequel, in which three vertices of the
elementary quadrilaterals are never collinear, the linear relation can be written down as the
discrete Laplace equation[8,14]

x(12) = A(1)x(1) + B(2)x(2) + Cx, (6)

whereA, B andC are real functions onZ2.
Any quadrilateral lattice inP3 can be considered as envelope of its tangent planes (the

planes of elementary quadrilaterals). Denote byx∗ ∈ R
4∗ the homogeneous coordinates of

the planex∗ ∈ (P3)∗ passing throughx, x(1) andx(2) (seeFig. 1), i.e.,

〈x∗, x〉 = 〈x∗, x(1)〉 = 〈x∗, x(2)〉 = 0.



A. Doliwa et al. / Journal of Geometry and Physics 52 (2004) 217–240 221

x

x
x (2)

x
x

(12)

(2)x x
(12)
*

*
(1)

*

*

x
(1)

Fig. 1. The quadrilateral lattice.

Because the planesx∗, x∗
(1), x

∗
(2) andx∗

(12) intersect in the pointx(12), then also the homo-

geneous coordinatesx∗ : Z
2 → R

4∗ satisfy the Laplace equation

x∗
(12) = A∗

(1)x
∗
(1) + B∗

(1)x
∗
(2) + C∗x∗. (7)

The homogeneous coordinatesx are called the point coordinates of the latticex while x∗
are called the tangential coordinates of the lattice (see also[15]).

The theory of transformations of the quadrilateral lattices is based on the theory of
congruences of lines[16]. A Z

2 family of straight linesL in P
3 is calledcongruence if

any two neighboring lines are coplanar (and therefore intersect). The intersection points
yi = L ∩ L(−i), i = 1,2, define focal lattices of the congruence. It turns out that the focal
lattices have planar quadrilaterals as well (seeFig. 2).

Corollary 1. Notice, that the plane y∗
1 of the first focal lattice contains the lines L and L(2),

while the point y1 is the intersection of the lines L and L(−1). This implies that one cannot
just “dualize” formulas where focal lattices appear. In general, in place of y1 it should be
written y∗

2(−1) while in place of y2 it should be written y∗
1(−2), see Fig. 2.

A quadrilateral lattice and a congruence are said to beconjugate to each other if the
points of the lattice belong to the corresponding lines of the congruence. A quadrilateral
lattice and a congruence are said to beharmonic to each other if the lines of the congruence
belong to the corresponding tangent planes of the lattice. Under the standard dualization
in the projective spaceP3 (see e.g.[31]), the statement “the point belongs to the line” is
replaced by the statement “the plane contains the line”. This implies that the notions of
conjugate and harmonic congruences (to a quadrilateral lattice) are dual to each other.
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Fig. 2. The first focal lattice of a congruence.
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Fig. 3. The fundamental transformation.

The quadrilateral latticex′ is afundamental transform of x if both lattices are conjugate to
the same congruence[16] (seeFig. 3), called the conjugate congruence of the transformation.

It turns out that both latticesx andx′ are also harmonic to the congruence given by
the intersection of the planesx∗ andx′∗, which is called the harmonic congruence of the
transformation. This makes the geometric picture of the fundamental transformation inP

3

self-dual.

2.2. The dual Koenigs lattice

We first recall the geometric definition of a Koenigs lattice and its algebraic characteri-
zation introduced in[11]. Given a quadrilateral latticex in P

3, denote byx1 the intersection
points of the linesLxx(2) with the linesLx(−1)x(−12) and denote byx−1 the intersection points
of the linesLxx(1) with the linesLx(−2)x(1−2) .

Definition 1. The Koenigs lattice is a two-dimensional quadrilateral lattice such that, for
any pointx of the lattice, there exists a conic passing through the six pointsx1, x1(1), x1(11),
x−1, x−1(2) andx−1(22).

Proposition 1. The Laplace equation of the Koenigs lattice can be gauged into the canon-
ical form

x(12) + x = F(1)x(1) + F(2)x(2). (8)

Using Pascal’s “mystic hexagon” theorem (see e.g.[31]), it is possible to obtain the
following alternative geometric characterization of a Koenigs lattice (seeFig. 4).

Proposition 2. The quadrilateral lattice x in P
3 is a Koenigs lattice if and only if, for any

point x of the lattice, the three lines

(i) the line connecting the points x∗ ∩ x∗
(−1) ∩ x∗

(−1−1) and x∗ ∩ x∗
(2) ∩ x∗

(22),
(ii) the line connecting the points x∗ ∩ x∗

(−2) ∩ x∗
(−2−2) and x∗ ∩ x∗

(1) ∩ x∗
(11),
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Fig. 4. The three lines in the definition of the Koenigs lattice.

(iii) the line connecting the points x∗ ∩ x∗
(−1) ∩ x∗

(−2) and x∗ ∩ x∗
(1) ∩ x∗

(2), intersect in a
single point.

Proof. By the Pascal theorem, the quadrilateral latticex is a Koenigs lattice if and only if
the linesLx−1x1(11) andLx1x−1(22) intersect in a point ofLxx(12) . Notice that inP3 the pointx1
is the intersection point of the three planesx∗, x∗

(−1) andx∗
(−1−1). Similarly, the pointx−1

is the intersection point of three planesx∗, x∗
(−2) andx∗

(−2−2). By definition, inP
3 we have

x = x∗ ∩ x∗
(−1) ∩ x∗

(−2) andx(12) = x∗ ∩ x∗
(1) ∩ x∗

(2). �

Remark. For a generic quadrilateral latticex in P
3, the three lines of the above proposition

are contained in the planex∗.

The notion of the dual Koenigs lattice can be conveniently obtained by dualizing the
geometric definition of the Koenigs lattice given in the above proposition.

Definition 2. A quadrilateral lattice inP3 is called thedual Koenigs lattice if, for any point
x of the lattice, the three lines

(i) the intersection line of the planeπxx(−1)x(−1−1) with the planeπxx(2)x(22) ,
(ii) the intersection line of the planeπxx(−2)x(−2−2) with the planeπxx(1)x(11) ,

(iii) the intersection line of the planeπxx(−1)x(−2) with the planeπxx(1)x(2) , are coplanar.

Remark. For a generic quadrilateral lattice inP3 the three lines of the above definition
intersect in the pointx.

Also the basic algebraic characterization of the dual Koenigs lattice can be obtained
dualizing the corresponding algebraic characterization of the Koenigs lattice (just replacing
the homogeneous point coordinates by the tangential ones). Because of the importance of
this characterization in the paper, we will prove it without referring to the duality principle.
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Proposition 3. The quadrilateral lattice x in P
3 is a dual Koenigs lattice if and only if its

tangential coordinates can be gauged in such a way that the Laplace equation (7) takes the
form

x∗
(12) + x∗ = F(1)x

∗
(1) + F(2)x

∗
(2). (9)

Proof. The planeπxx(1)x(11) contains the linesLxx(1) = x∗ ∩ x∗
(−2) andLx(1) x(11) = x∗

(1) ∩
x∗
(1−2). Therefore, the homogeneous coordinates of the plane can be found by solving the

linear system

λx∗ + µx∗
(−2) = σx∗

(1) + δx∗
(1−2).

Using the Laplaceequation (7)it can be shown that the coordinates read

B∗x∗ + C∗
(−2)x

∗
(−2) = x∗

(1) − A∗
(1−2)x

∗
(1−2).

Similarly, the homogeneous coordinates of the planesπxx(2)x(22) , πxx(−1)x(−1−1) and
πxx(−2)x(−2−2) are given, correspondingly, by

A∗x∗ + C∗
(−1)x

∗
(−1) = x∗

(2) − B∗
(−12)x

∗
(−12),

B∗
(−1−1)x

∗
(−1−1) + C∗

(−1−1−2)x
∗
(−1−1−2) = x∗

(−1) − A∗
(−1−2)x

∗
(−1−2),

A∗
(−2−2)x

∗
(−2−2) + C∗

(−1−2−2)x
∗
(−1−2−2) = x∗

(−2) − B∗
(−1−2)x

∗
(−1−2).

The coordinates of the planesπxx(1)x(2) andπxx(−1)x(−2) are, by definition,x∗ andx∗
(−1−2).

There exists a plane containing the intersection linesπxx(1)x(11) ∩ πxx(−2)x(−2−2) , πxx(2)x(22) ∩
πxx(−1)x(−1−1) andπxx(1)x(2) ∩ πxx(−1)x(−2) if and only if the linear system for the unknowns
λ,µ, σ, δ, χ, ν

λ(B∗x∗ + C∗
(−2)x

∗
(−2)) + µ(x∗

(−2) − B∗
(−1−2)x

∗
(−1−2))

= σ(A∗x∗ + C∗
(−1)x

∗
(−1)) + δ(x∗

(−1) − A∗
(−1−2)x

∗
(−1−2)) = χx∗ + νx∗

(−1−2)

has a nontrivial solution. By linear algebra, and assuming that no three of the four pointsx,
x(−1), x(−2) andx(−1−2) are collinear, such a solution exists when

A∗C∗
(−2)B

∗
(−1−2) = B∗C∗

(−1)A
∗
(−1−2).

This restriction on the coefficients of the Laplaceequation (7)implies, exactly like in the
corresponding proposition of[11], existence of the gauge functionρ defined by

ρ(12) = −C∗ρ, ρ(1)A
∗ = ρ(2)B

∗.

After the gauge transformationx∗ �→ x∗/ρ, the new homogeneous tangential coordinates
of the lattice satisfy the Laplace equation of the form(9) with the potential

F = A∗ρ
ρ(2)

= B∗ρ
ρ(1)

. �

After having established the relation between Koenigs lattices and dual Koenigs lattices on
both geometric and algebraic levels, we will make use of the results of[11] to present the dual
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version of other basic properties of the Koenigs lattices. Taking into account the exchange
of indexes and shifts in the notation for the tangential coordinates of the focal lattices of
the harmonic congruence (seeCorollary 1), we will obtain the geometric characterization
of the dual Koenigs lattices from the point of view of their transformations.

Consider a quadrilateral latticex in P
3 and a congruenceL harmonic to the lattice.

According to the dual description of lines, any line of the congruence is identified with the
pencil of planes containing the line. Notice that the planesz∗

1, z∗
2, z∗

1(−2) andz∗
2(−1) of the

focal lattices of the congruence, as well as the planex∗, are elements of the same pencil.
On each line there exists a unique involution, denoted byi, which maps the planesz∗

1 and
z∗

2 to the planesz∗
1(−2) andz∗

2(−1), correspondingly. The following proposition is the dual
version of Corollary 15 of[11].

Proposition 4. The quadrilateral lattice x in P
3 is a dual Koenigs lattice if and only if, for

any congruence harmonic to the lattice, the planes x′∗ = i(x∗), where i are the involutions
described above, are tangent planes of a quadrilateral lattice.

Corollary 2. If x is a dual Koenigs lattice, then the quadrilateral lattice x′ with tangent
planesx′∗ = i(x∗) must be, by the symmetry of the construction, a dual Koenigs lattice as
well.

The above proposition provides the basic geometric characterization of the reduction of
the fundamental transformation corresponding to the dual Koenigs lattices. Its algebraic
formulation, given by the dual version of Proposition 8 of[11], reads as follows: here∆i,
i = 1,2, denote the standard partial difference operators acting as∆if = f(i) − f .

Theorem 1. Given a dual Koenigs lattice with tangential coordinates x∗ in the canonical
gauge of equation (9). If θ is a scalar solution of the discrete Moutard equation

θ(12) + θ = F(θ(1) + θ(2)), (10)

then the solution x′∗ of the linear system

∆1

(
x′∗

φ′

)
= θ(1)θ(12)∆1

(
x∗

φ

)
, (11)

∆2

(
x′∗

φ′

)
= −θ(2)θ(12)∆2

(
x∗

φ

)
(12)

with φ and φ′ given by

φ = θ(1) + θ(2), φ′ = 1

θ(1)
+ 1

θ(2)
, (13)

gives the tangential coordinates of a new dual Koenigs lattice satisfying equation (9), with
the potential

F ′ = F
θ(1)θ(2)

θθ(12)
. (14)
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Finally, we collect the dual versions of some formulas scattered in[11] which turn out
to be useful in the sequel.

Corollary 3. The homogeneous coordinates of the tangent planes of the focal lattices zi,
i = 1,2 of the harmonic congruence of the dual discrete Koenigs transformation are given
by

z∗
1 = −

(
θθ(1)

x∗

φ
+ x′∗

φ′

)
(2)

= −θ(2)θ(12)
x∗

φ
− x′∗

φ′ , (15)

z∗
2 =

(
θθ(2)

x∗

φ
− x′∗

φ′

)
(1)

= θ(1)θ(12)
x∗

φ
− x′∗

φ′ . (16)

They can be found from equations

z∗
2(−1) − z∗

1(−2) = θx∗, (17)

∆1z
∗
1(−2) = −θ(1)(x

∗
(1) − Fx∗), (18)

∆2z
∗
2(−1) = θ(2)(x

∗
(2) − Fx∗), (19)

once the solution θ of Eq. (10)is given. Moreover, the homogeneous coordinates of the fixed
planes of the involutions i, are given by

z∗
± = ±√θθ(12)x

∗ +√
θ(1)θ(2)x

′∗. (20)

3. The discrete normal congruences

The classical examples[17] of congruences are given by normals to a surface in the
three-dimensional Euclidean spaceE

3. The developables of such congruences cut the sur-
face along the curvature lines and the corresponding tangent planes of its focal nets intersect
orthogonally. Keeping the last property one obtains the notion of the normal congruence.
In this section we will define the discrete analogue of such congruences.

The discrete analogues of surfaces parameterized by curvature lines were introduced in
[26,30]and are two-dimensional lattices inE

3 made of circular quadrilaterals. Integrability
of multidimensional circular lattices was proven first geometrically in[7] (see also[4]), and
then by using analytic means in[12].

Let us present a new elementary geometric characterization of circular lattices which will
be important in the characterization of the Bianchi lattices (for other algebraic characteri-
zations of circular lattices[7,9,23]seeAppendices A and B).

Proposition 5. A planar quadrilateral is circular if and only if the lines bisecting the angles
between its opposite sides and intersecting the quadrilateral are orthogonal (see Fig. 5).

Proof. By elementary geometry, using the following facts: (i) a convex planar quadrilateral
is circular if and only if its opposite angles add toπ; (ii) a nonconvex planar quadrilateral
is circular if and only if its opposite angles are equal. �
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Fig. 5. Circular quadrilaterals.

Remark. The above result means that the coordinate lines of the circular lattice intersect
orthogonally “in the mean”.

In [10] it was shown geometrically that the normals to the circles of a two-dimensional
circular lattice inE

3 passing through their centers form a congruence. Let us recall that
construction. Denote byC the circle passing throughx, x(1) andx(2), and byν denote the
line normal to the plane of the circle and passing through its center (seeFig. 6). The plane
bisecting orthogonally the segmentxx(2) is the common plane ofν andν(−1), and the plane
bisecting orthogonally the segmentxx(1) is the common plane ofν andν(−2), which shows
that the family of normalsν is a congruence, called the normal congruence of the circular
lattice. This property provides the discrete analogue of the basic relation between normals
of a surface inE3 and the curvature lines.

Due toProposition 5we have the discrete counterpart of this characterization of normal
congruences as orthogonality of the focal planes “in the mean”.

ν

C
x

Fig. 6. Normal congruence of a circular lattice.
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Fig. 7. Discrete normal congruence.

Proposition 6. If the congruence ν with focal lattices y1 and y2 is a normal congruence of
the circular lattice x, then the pair of orthogonal planes bisecting the angles between the
planes y∗

1(−2) and y∗
1 coincides with those bisecting y∗

2(−1) and y∗
2.

Proof. Notice that the planey∗
1(−2) containing the linesν andν−2 is orthogonal to the

segmentxx(1). The rest of proof follows from similar facts for other planes intersecting at
ν and other sides of the quadrilateral and fromProposition 5(seeFig. 7). �

The property of congruences normal to circular lattices described above suggests the
following definition of discrete normal congruences.

Definition 3. A two-dimensional congruence inE3 is callednormal congruence if the pairs
of planes bisecting the angles between its two corresponding pairs of the consecutive focal
planes coincide.

Recall that, within all projective involutions in a pencil of planes inE
3, the reflections

are characterized by the property that the fixed planes of the involution are orthogonal.
This gives the following, important for further purposes, geometric characterization of the
normal congruences

Proposition 7. Consider a two-dimensional congruence in the Euclidean space E
3 whose

focal lattices have the tangent planes y∗
i , i = 1,2.On each line of the congruence, consider

the unique involution in the corresponding pencil of planes mapping y∗
1(−2) to y∗

1 and
y∗

2(−1) to y∗
2. The congruence is normal if and only if the fixed planes of the involution are

orthogonal.

There is a natural question if all discrete normal congruences can be constructed from
circular lattices. The answer is affirmative but, because we will not use that fact in the
sequel, we present here only a geometric sketch of its proof (the interested Reader can find
in Appendices A and Bthe algebraic description of normal congruences and the algebraic
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proof of the above result). Start with a pointx ∈ E
3 and define its imagex(1) in reflection

with respect to the planey∗
1(−2) (seeFig. 7). Similarly, define the pointx(2) as the image of

x in reflection with respect to the planey∗
2(−1). The construction turns out to be compatible,

i.e., the image ofx(1) in reflection of the planey∗
2 is the same as the image ofx(2) in reflection

of the planey∗
1, due to the normality of the congruence. Moreover, the pointx(12) defined

in this way is concircular withx, x(1) andx(2). Therefore, given the starting pointx0, one
can construct the circular lattice with the congruence being its normal congruence.

4. The discrete Bianchi system

The geometric interpretation of the Bianchi system is given by conjugate nets with equal
tangential invariants allowing for a harmonic congruence which is a normal congruence
[18]. In such a situation, the involution in the pencil of planes with the base being the
harmonic congruence is the orthogonal reflection with respect to the planes of the focal
nets. In the previous sections we have defined the integrable discrete analogues of the dual
Koenigs net and of the normal congruence. We may therefore expect that, composing both
notions in exactly the same way like in the continuous case, we should obtain the discrete
Bianchi system together with its geometric interpretation.

Definition 4. Thequadrilateral Bianchi lattice is a dual Koenigs lattice inE3 allowing for
a harmonic congruence which is a normal congruence.

Remark. We use the namequadrilateral Bianchi lattice to distinguish it from the asymp-
totic Bianchi lattice described in[13]. From now on we study only quadrilateral Bianchi
lattices skipping the adjective “quadrilateral”.

In studying Bianchi lattices we will often restrict the homogeneous representation of
planes to its affine part, i.e., ifw∗ = (�ω, w∗4) is the tangential homogeneous representation
of the planew∗, its affine part is�ω. Notice that in this description all parallel planes are
indistinguishable.

Proposition 8. Let x be a dual Koenigs lattice in E
3 with tangential coordinates x∗ satis-

fying Eq. (9), denote by �n its affine part. If the lattice x is a Bianchi lattice, then

∆1∆2(�n · �nF) = 0. (21)

Proof. LetLbe a normal congruence harmonic tox. ByProposition 4, we have a unique new
dual Koenigs latticex′, harmonic to the congruence and related withx by the corresponding
restriction of the fundamental transformation. Denote by�n′ the affine part of the tangential
coordinates ofx′ in the canonical gauge ofTheorem 1. Denote by�n± the affine parts of the
tangential coordinates of the fixed planes of the involution onL in the gauge ofCorollary 3,
i.e.,

�n± = ±√θθ(12)�n +√
θ(1)θ(2)�n′. (22)
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By Proposition 7, the congruenceL is normal if and only if the vectors�n± are orthogonal,
which gives the following constraint between the affine parts of the tangential coordinates
of the Bianchi lattice and of its transform

�n · �nF = �n′ · �n′F ′. (23)

Denote by�ni, i = 1,2, the affine parts of the tangential coordinates of the focal latticeszi,
i = 1,2, of the congruenceL in the gauge ofCorollary 3, i.e.,

�n1 = −θ(2)θ(12)
�n
φ

− �n′

φ′ = −
(
θθ(1)

�n
φ

+ �n′

φ′

)
(2)

, (24)

�n2 = θ(1)θ(12)
�n
φ

− �n′

φ′ =
(
θθ(2)

�n
φ

− �n′

φ′

)
(1)

. (25)

ThenEq. (23)implies that

�n2 · �n2

θ(1)θ(12)
+ �n1 · �n1

θ(2)θ(12)
= �n · �nF (26)

and

∆1

( �n2(−1) · �n2(−1)

θθ(2)

)
= 0, ∆2

( �n1(−2) · �n1(−2)

θθ(1)

)
= 0, (27)

which give the constraint(21). �

Corollary 4. The condition (21) implies that

�n · �nF = U1(m1) + U2(m2), (28)

where U1 and U2 are functions of the single variables m1 and m2, respectively. In the above
notation

�n1(−2) · �n1(−2) = θθ(1)(U1(m1) + λ), �n2(−1) · �n2(−1) = θθ(2)(U2(m2) − λ),

(29)

where λ is a constant.

Corollary 5. Because the congruence L is also harmonic to the new dual Koenigs lattice
x′, then the lattice is also a Bianchi lattice.

Our last step is to show that the condition described inProposition 8is also sufficient to
characterize the Bianchi lattices among the dual Koenigs lattices. In order to make clear the
geometric content of the forthcoming calculations, let us first draw some consequences of
the previous considerations.

Let x be a dual Koenigs lattice and letL be a harmonic congruence conjugated to the
lattice. Denote byz∗

1 andz∗
2 the tangential coordinates of the focal lattices ofL in the gauge

of Corollary 3. The planew∗ with homogeneous coordinates

w∗ = −z∗
1(−2) − z∗

2(−1) (30)
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contains the lineL, while Eqs. (18) and (19)imply thatw∗ satisfies the linear system

∆1w
∗ = θ(1)x

∗
(1) − (2Fθ(1) − θ)x∗, (31)

∆2w
∗ = −θ(2)x

∗
(2) + (2Fθ(2) − θ)x∗ (32)

and, byEqs. (15) and (16), the tangential coordinates of the corresponding Koenigs trans-
form x′ read

x′∗ = 1

2

[(
1

θ(1)
− 1

θ(2)

)
θx∗ +

(
1

θ(1)
+ 1

θ(2)

)
w∗
]
. (33)

If, moreover,x is a Bianchi lattice and the congruenceL is normal, then the affine part
�ω = −�n1(−2) − �n2(−1) of w∗ is subjected also to the following constraints

�ω · �n = θ(1)(U1 + λ) − θ(2)(U2 − λ), (34)

�ω · �ω = 2((U1 + λ)θθ(1) + (U2 − λ)θθ(2)) − θ2U1 + U2

F
. (35)

Proposition 9. Let x be a dual Koenigs lattice in E
3 with tangential coordinates x∗ satis-

fying Eq. (9). If its affine part �n satisfies Eq. (21)then the lattice x is a Bianchi lattice.

Proof. The idea is to construct a normal congruence harmonic to the given dual Koenigs
lattice subjected to condition(21). Let x∗ = (�n, x∗4) be the homogeneous tangential coor-
dinates of such a lattice in the canonical gauge. Fix the functionsU1, U2 in Eq. (28)and fix
a parameterλ (it plays the role of spectral parameter in soliton theory).

Given (from previous steps of the construction or as initial data) the planew∗ with ho-
mogeneous coordinatesw∗ = (�ω, w∗4) and the scalarθ. Define the planesz∗

2(−1) andz∗
1(−2)

with homogeneous coordinatesz∗
2(−1) = (�n2(−1), z

∗4
2(−1)) andz∗

1(−2) = (�n1(−2), z
∗4
1(−2)) by

equations

z∗
1(−2) = −1

2(θx
∗ + w∗), (36)

z∗
2(−1) = 1

2(θx
∗ − w∗). (37)

Defineθ(1) andθ(2) by Eqs. (29), then the affine part�ω of w∗ satisfiesEqs. (34) and (35).
In the last step of the construction we findw∗

(1) andw∗
(2) from Eqs. (31) and (32).

By Eqs. (34) and (35)the construction is compatible and, moreover, the functionθ

satisfies the discrete Moutardequation (10). ThenEqs. (36) and (37)andEqs. (31) and (32)
imply thatz∗

1 andz∗
2 satisfyEqs. (17)–(19), i.e., the latticesz1 andz2 are focal lattices of a

congruenceL harmonic tox.
Because the vectors�n1(−2)/

√
θθ(1) and�n1/

√
θ(2)θ(12) are of equal length, then the planes

bisectingz∗
1(−2) andz∗

1 have the normal vectors

�b1∓ = �n1(−2)√
θθ(1)

± �n1√
θ(2)θ(12)

,
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similarly, the planes bisectingz∗
2(−1) andz∗

2 have the normal vectors

�b2± = �n2(−1)√
θθ(2)

± �n2√
θ(1)θ(12)

.

Eqs. (28), (34) and (35)imply

�b1− · �b2+ = �b1+ · �b2− = 0,

which shows that the congruenceL is normal. �

Corollary 6. Once the normal congruence L is found then the tangential coordinates of
the corresponding new Bianchi lattice x′ are given by (33).

Remark. The vectors�bi± are proportional to the vectors�n± considered in the proof of
Proposition 8.
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Appendix A. Algebraic description of normal congruences

The goal of appendix is to present the theory of discrete normal congruences using the
more algebraic language of difference equations.

A.1. Quadrilateral lattices and congruences in the affine gauge

Let us first express some facts from the theory of quadrilateral lattices and discrete con-
gruences in the language of affine geometry which will be used in the algebraic description
of the discrete normal congruences.

Restricting the ambient space from the projective spaceP
3 to the corresponding affine

spaceR3, we change from the homogeneous coordinatesx to the nonhomogeneous ones�x,
i.e. [x] = [(�x,1)]. Then the Laplace system takes the following form[8]

�x(12) = A(1)�x(1) + B(2)�x(2) + (1 − A(1) − B(2))�x. (A.1)

Define the Lamé coefficientsH andG as “logarithmic potentials”

A = H(2)

H
, B = G(1)

G
(A.2)
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and introduce the suitably scaled tangent vectors�X, �Y ,

∆1�x = H(1) �X, ∆2�x = G(2) �Y . (A.3)

Corollary A.1. The Lamé coefficients are not unique; H is given up to the multiplication
by a function of the single argument m1, while G is given up to the multiplication by a
function of the single argument m2

In terms of such vectors, the affine Laplaceequation (A.1)changes into the system of
two equations of the first order

∆2 �X = Q(2) �Y , ∆1�Y = P(1) �X, (A.4)

where the proportionality factorsQ andP , called the rotation coefficients, are given by

Q = ∆1G

H(1)
, P = ∆2H

G(2)
. (A.5)

Denote by�yi, i = 1,2, the affine representants of the focal lattices of a congruence. The
coefficients of their Laplace equations

�yi(12) = Ai
(1)�yi(1) + Bi

(2)�yi(2) + (1 − Ai
(1) − Bi

(2))�yi, i = 1,2,

enter into the formulas connecting the lattices as follows[8,16]

�y2 − �y1 = − 1

B1 − 1
∆1�y1 = 1

A2 − 1
∆2�y2. (A.6)

Eq. (A.6)leads directly to the following result.

Proposition A.1. Consider a two-dimensional congruence whose focal lattices are repre-
sented in the affine gauge by �yi, i = 1,2, and denote by Hi, Gi, their Lamé coefficients.
Define the vectors X̃ and Ỹ as follows

X̃ = �y2

H2
, Ỹ = �y1

G1
. (A.7)

Then these vectors satisfy the equations

∆2X̃ = G1∆2

(
1

H2

)
Ỹ , ∆1Ỹ = H2∆1

(
1

G1

)
X̃. (A.8)

Remark. Notice that the pair(1/H2,1/G1) satisfies the same linear problem(A.8) as the
pair (X̃, Ỹ).

Corollary A.2. Consider a pair (X0, Y0) of scalar solutions of the linear problem (A.4),
then

�y1 =
�Y
Y0

, �y2 =
�X
X0

,
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are affine coordinates of the focal lattices of a congruence. Moreover, the Lamécoefficients
of these lattices can be chosen in such a way that

H2 = 1

X0
, G1 = 1

Y0
.

We represent planes inR3 by dual vectors�x∗ such that [x∗] = [(�x∗,−1)]. Then the
equation of the plane represented by�x∗ and passing through the point represented by�x is
normalized to

〈�x∗, �x〉 = 1.

Remark. Notice that the dual analogue of the points of the plane at infinity is the set of all
planes passing through the origin.

In the transition from the homogeneous tangential coordinates of quadrilateral lattices
to the nonhomogeneous ones, the Laplaceequation (7)is replaced by its affine form(A.1),
but with the coefficientsA∗ andB∗. Therefore, also other algebraic considerations, from
Eqs. (A.3)–(A.5), apply to the affine tangential coordinates of quadrilateral lattices. In this
way one defines the dual Lamé coefficientsH∗ andG∗, the dual normalized tangent vectors
�X∗

, �Y∗
, and the dual rotation coefficientsP∗ andQ∗.

The dual version of the connection formulas(A.6) can be found from the requirement that
the four planes represented by�y∗

1, �y∗
1(−2), �y∗

2 and�y∗
2(−1) intersect along one line, exactly in

the same way likeEq. (A.6)were found from requirement that the four points represented
by �y1, �y1(1), �y2 and�y2(2) belong to one line. Such a derivation, which gives the same result
as applying the duality principle toequations (A.6)(and taking into accountCorollary 1),
leads to the following connection formulas

�y∗
1(−2) − �y∗

2(−1) = − 1

B∗2
(−1) − 1

∆1�y∗
2(−1) = 1

A∗1
(−2) − 1

∆2�y∗
1(−2), (A.9)

which imply the following dual versions ofProposition A.1andCorollary A.2.

Proposition A.2. Consider a two-dimensional congruence in P
3 and its focal lattices whose

tangent planes are represented in the affine gauge by �y∗
i , i = 1,2.Denote by H∗i,G∗i, their

Lamé coefficients and define the dual vectors X̃
∗

and Ỹ
∗

as follows

X̃
∗ =

( �y∗
1

H∗1

)
(−2)

, Ỹ
∗ =

( �y∗
2

G∗2

)
(1)

. (A.10)

Then these vectors satisfy the equations

∆2X̃
∗ = G∗2

(−1)∆2

(
1

H∗1
(−2)

)
Ỹ

∗
, ∆1Ỹ

∗ = H∗1
(−2)∆1

(
1

G∗2
(−1)

)
X̃

∗
. (A.11)

Remark. Notice that the pair(1/H∗1
(−2),1/G∗2

(−1)) satisfies the same linear problem(A.8)

as the pair(X̃, Ỹ).
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Corollary A.3. Given a pair (X0, Y0) of scalar solutions of the linear problem (A.4), then

�y∗
1 =

( �X
X0

)
(2)

, �y∗
2 =

( �Y
Y0

)
(1)

are affine tangential coordinates of the focal lattices of a congruence. Moreover, the Lamé
coefficients of the lattices �y∗

1 and �y∗
2 can be chosen in such a way that

G∗2 = 1

Y0
(1)

, H∗1 = 1

X0
(2)

.

A.2. Circular lattices and normal congruences

In the Euclidean spaceE3 we identify covectors with vectors via the scalar product and
we represent planes using their normals. The affine representation of a plane is given by
�x∗ = �η/w, where�η is the unit outer (with respect to the origin) normal vector to the plane
andw is the distance of the plane from the origin.

It can be shown[12] that a quadrilateral lattice is circular (seeSection 3) if and only if
its normalized tangent vectors satisfy the constraint

�X · �Y (1) + �Y · �X(2) = 0, (A.12)

which, in the continuous limit, gives the orthogonality of the curvature lines. Other two
convenient characterizations of the circular lattice are as follows (see[9,23]for more details):
the quadrilateral latticex is circular if and only if the scalars

X◦ := 1
2(�x(1) + �x) · �X, Y◦ := 1

2(�x(2) + �x) · �Y , (A.13)

solve the linear system(A.4) or, equivalently, if the function|�x|2 = �x · �x satisfies the affine
Laplaceequation (A.1)of �x.

The algebraic version of the new geometric characterization of circular lattices described
in Proposition 5(we consider here also the second pair of bisectrices) is contained in the
following.

Proposition A.3. For �X and �Y satisfying the linear problem (A.4), the condition (A.12) is
equivalent to the constraint( �X

| �X| +
�X(2)

| �X(2)|

)( �Y
| �Y | +

�Y (1)

| �Y (1)|

)
=
( �X

| �X| −
�X(2)

| �X(2)|

)( �Y
| �Y | −

�Y (1)

| �Y (1)|

)
= 0. (A.14)

Proof. Eq. (A.14)are equivalent to equations

�X
| �X|

�Y
| �Y | +

�X(2)

| �X(2)|
�Y (1)

| �Y (1)|
=

�X
| �X|

�Y (1)

| �Y (1)|
+

�X(2)

| �X(2)|
�Y

| �Y | = 0. (A.15)

(⇒) Eq. (A.12)and the linear problem(A.4) imply [12], that

| �X(2)|
| �X| = |�Y (1)|

| �Y | = √
1 − Q(2)P(1), (A.16)
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which together with the following consequence of(A.4)

�X(2) · �Y (1) = (1 + P(1)Q(2)) �X · �Y + P(1)| �X|2 + Q(2)| �Y |2, (A.17)

lead toEq. (A.15).
(⇐) Eq. (A.15) and the linear problem(A.4) imply (A.16) which gives condition

(A.12). �

Remark. Eq. (A.15)express the basic property of circular quadrilaterals, mentioned in a
proof ofProposition 5, in the form independent of the convexity or not of the quadrilateral
(see[12]).

The following proposition gives the tangential coordinates of focal lattices of the normal
congruence of the circular latticex in terms of point coordinates of the lattice.

Proposition A.4. Given a two-dimensional circular lattice x : Z
2 → E

3, then the tangent
planes of the focal lattices of the normal congruence ν of x are represented in the affine
gauge by their normals

�y∗
1 =

(
∆1�x

∆1|�x|2
)
(2)

=
( �X
X◦

)
(2)

, �y∗
2 =

(
∆2�x

∆2|�x|2
)
(1)

=
( �Y
Y◦

)
(1)

. (A.18)

Moreover, the dual Lamécoefficients of the lattices �y∗
1 and �y∗

2 can be chosen in such a way
that

G∗2 = 1

Y◦
(1)

, H∗1 = 1

X◦
(2)

. (A.19)

Proof. The planey∗
1 contains the linesν and ν(2), therefore its normal must be in the

direction of the line passing through the pointsx(2) andx(12); i.e. it must be proportional
to ∆1�x(2). The normalization factor can be found from the condition that the plane passes
through the middle-point of the segmentx(2)x(12). Similarly, we find the expression for�y∗

2.
The rest of the proposition follows fromCorollary A.3. �

Let us give the algebraic characterization, modeled onProposition A.4, of the normal
congruences.

Proposition A.5. Consider a two-dimensional congruence in the Euclidean space, with
the focal lattices represented in the affine gauge by their normals �y∗

i , i = 1,2, and de-
note by H∗i, G∗i, their dual Lamé coefficients. The congruence is normal if and only
if ( �y∗

1

H∗1

)
(−2)

( �y∗
2

G∗2

)
+
( �y∗

2

G∗2

)
(−1)

( �y∗
1

H∗1

)
= 0. (A.20)

Proof. Define the vectors�X and�Y by Eq. (A.10); then the condition(A.20) is transformed
into Eq. (A.12). By Proposition A.2the vectors�X, �Y satisfy the linear problem of the form
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(A.4), with the rotation coefficientsP , Q given by

P(−1) = H∗1
(−2)∆1

(
1

G∗2
(−1)

)
, Q(−2) = G∗2

(−1)∆2

(
1

H∗1
(−2)

)
. (A.21)

The vectors

�B1± =
�X

| �X| ±
�X(2)

| �X(2)|
are normal vectors of two orthogonal planes bisectingy∗

1(−2) andy∗
1, similarly the vectors

�B2± =
�Y

| �Y | ±
�Y (1)

| �Y (1)|
are normal vector of the planes bisectingy∗

2(−1) andy∗
2. The rest of the proof follows from

Proposition A.3. �

Proposition A.6. Given a discrete normal congruence ν, then there exists a circular lattice
x such that ν is the normal congruence of x.

Proof. Define the vectors�X, �Y and their rotation coefficientsP , Q like in the proof of
Proposition A.5. By the remark afterProposition A.2the functionsX◦, Y◦, defined by
Eq. (A.19), satisfy the same linear problem as�X, �Y .

Consider the following linear system for�x

�x(1) = �x + 2(X◦ − �x · �X)

| �X|2
�X, (A.22)

�x(2) = �x + 2(Y◦ − �x · �Y)

| �Y |2
�Y , (A.23)

whose geometric interpretation was described at the end ofSection 3. Its compatibility is
asserted byEq. (A.4), (A.12) and their consequence(A.16).

The functionsH andG defined by

H(1) = 2(X◦ − �x · �X)

| �X|2 , G(2) = 2(Y◦ − �x · �Y)

| �Y |2 ,

satisfyEq. (A.5)and are connected with�x and the pair( �X, �Y) by Eq. (A.3). Therefore, the
lattice represented by�x is a quadrilateral lattice with the normalized tangent vectors�X and
�Y , and the Lamé coefficientsH andG. Because�X and �Y satisfy the constraint(A.12), the
lattice is circular.

Eqs. (A.22) and (A.23)imply that the circular latticex and the focal latticesyi of the
congruence are connected byEq. (A.18); which means just that the focal planes bisect
orthogonally corresponding segments of the lattice, i.e. the congruenceν is the normal
congruence ofx. �
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Remark. If there exists one such circular lattice, then there exist an infinity of such circular
lattices labeled by the position of an initial point of the construction.

Appendix B. The Darboux transformation for the discrete Bianchi system

The following results can be checked by direct (but tedious) calculation and actually are
modification of Theorem 7 of[13].

Lemma B.1. Given �n : Z
2 → E

3 satisfying the discrete Bianchi system (5),define �η0 = F �n
and let �η1 and �η2 be unit vectors orthogonal to �η0 and to each other. IfpB

A,qBA,A,B = 0,1,2,
are the functions defined by the unique decompositions

�ηA =
2∑

B=0

pB
A�ηB(1), �ηA =

2∑
B=0

qBA�ηB(2),

and if

R(m1,m2) = U1(m1) + U2(m2), a(m1) = U1(m1) + λ, b(m2) = U2(m2) − λ,

then:

(i) the linear system

Θ(i) = MiΘ, i = 1,2, (B.1)

where Θ = (θ, θ′, θ′′, y1, y2)T, and

M1 =
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,

M2 =




0 0 1 0 0

−1 F F 0 0
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0
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b(2)

a
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R
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is compatible;
(ii) the function

I = (y1)2 + (y2)2 + R

F
θ2 + F

R
(bθ′′ − aθ′)2 − 2θ(aθ′ + bθ′′)

is a first integral of the system;
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(iii) the function �ω = ∑2
A=0 y

A�ηA with

y0 = aθ′ − bθ′′

R

satisfies the linear system (31) and (32)with �n in place of x∗.

Corollary B.1. Notice that the solution θ of the linear system (B.1) is a solution of the
discrete Moutard equation (10), while θ′ = θ(1) and θ′′ = θ(2).

Theorem B.1. Given �n : Z
2 → E

3 satisfying the discrete Bianchi system (5), let θ and �ω be
obtained from the solution of the linear system (B.1) subjected to the admissible constraint
I = 0. Then �ω satisfies Eqs. (34) and (35)and �n′, given by Eq. (33)with �n and �ω in place
of x∗ and w∗, is a new solution of the discrete Bianchi system (5).
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